I. INTRODUCTION
Gyrotrons are the most powerful sources of millimeterand submillimeter-wave radiation capable of operating in the continuous-wave (CW) regimes. [1] [2] [3] The power limit in such regimes is determined by the density of ohmic losses in gyrotron resonators, which should not exceed several kW/cm 2 . To satisfy this limit, while producing higher powers, it is necessary to increase the interaction space, i.e., to operate in higher order modes. As the operating wavelength shortens (the frequency increases), the role of ohmic losses increases as well. Therefore in the development of gyrotrons for electron cyclotron resonance plasma heating (ECRH) and current drive (ECCD) in fusion reactors, the problem of operation in higher order modes becomes more severe with the increasing size of controlled fusion reactors which require stronger magnetic fields for plasma confinement. For example, while the ECRH and ECCD in the tokamak ITER ("ITER" is the abbreviation for the International Thermonuclear Experimental Reactor) require MW-class gyrotrons operating at the 170 GHz frequency, in the future tokamak DEMO (an acronym for DEMOnstration power plant) MW-class gyrotrons operating in the range of 230-290 GHz frequencies will be necessary (see, e.g., Ref. [4] ).
The stability of gyrotron operation in high-order modes was studied for a long time (see, e.g., review papers [5] [6] [7] ). When the number of modes resonantly interacting with electrons gyrating in a guiding magnetic field is not too large, it is convenient to represent the electromagnetic (EM) field in a resonator as a superposition of a number of discrete eigenmodes (see, e.g., Refs. [5] [6] [7] ). However, in the case of a very large number of resonant modes, it can be more convenient to use the wave envelope representation. 8 In describing the EM field as an azimuthally rotating envelope, it is necessary to take into account that gyrotron resonators are open in the axial direction (direction of the external magnetic field). The axial structure of the EM field in such resonators can be influenced by the electron beam. Therefore, in the case of a wave envelope representation of the EM field, this envelope in non-stationary regimes depends on time, and axial and azimuthal coordinates. Correspondingly, the EM field can be represented as an azimuthally rotating wave envelope E / f z; t; u ð Þexp Ài x 0 t À m 0 u ð Þ È É (here, x 0 and m 0 are the carrier frequency and carrier azimuthal index, respectively).
Gyrotron operation with the EM field represented in this way was first studied in Ref. 8 where it was found that oscillations in a gyrotron with parameters optimal for the maximum efficiency become unstable when the normalized parameter characterizing the azimuthal index of the operating mode W ¼ pb 2 ?0 m 0 exceeds a certain threshold value about 25. (Here, b ?0 ¼ v ?0 =c is the initial orbital electron velocity normalized to the speed of light.) Then in Refs. 9 and 10, a more detailed analysis of the spatio-temporal chaos occurring in some regimes was carried out: The regions of stable operation were distinguished from the regions of automodulation and those, in turn, from chaotic oscillations. This work was continued in Refs. 11 and 12, where the regions of stable efficient operation in the gyrotron parameter space were determined. It was shown that the discrepancy between the theory based on the cold-cavity approximation of competing modes and the self-consistent theory can be explained by the fact that due to electron beam, the axial structures of modes composing the wave envelope become different.
Our present study is aimed at analyzing the stability of gyrotron operation in very high order modes. The paper is organized as follows. First, we study the gyrotron operation by using the wave envelope approach described above. Since for this purpose we use the equations formulated in previous papers, [8] [9] [10] [11] [12] we reproduce these equations in Appendix, but devote Sec. II to results of our simulations. Then, in Sec. III, we consider two examples of the European 170 GHz gyrotrons for the ITER. The first of them is the coaxial 2 MW gyrotron, 13 which was under development for a number of years. To describe its operation, we use the non-stationary, self-consistent theory based on representation of the resonator field as a superposition of modes 14 and analyze the excitation of a triplet of modes with almost equidistant frequency spectrum. The second example is the 1 MW, 170 GHz gyrotron, which is currently under development in Europe for ITER. 15 Operation of this gyrotron is studied by using the wave envelope approach described in Sec. II. Section IV summarizes the work. Appendix contains the equations describing the wave envelope approach to the analysis of non-stationary operation of gyrotrons with resonators of large cross-sections.
II. RESULTS OF THE WAVE ENVELOPE APPROACH
While in Ref. 12 , the study was focused on analyzing the possibilities to operate in the region of high efficiency, below we will start from analyzing the region of stable operation at low currents because this may show some possibilities to reach the point of high efficiency operation via a proper start-up scenario. 15, 16 Such region of stable operation in the plane of parameters "normalized beam current" versus "cyclotron resonance mismatch" is shown in Fig. 1 . As follows from To better explain this fact, let us present more results obtained for small values of the beam current parameter. These results are shown in Figure 2 . In these simulations the field in the cavity is initialized in a superposition of modes with different azimuthal indices with central mode being larger than the satellites. The corresponding initial condition for the function f describing the wave envelope was given (see Appendix for details) as
In each figure, the orbital efficiency is shown as the function of the cyclotron resonance mismatch (parameter D for the central mode whose initial amplitude is larger than amplitudes of other modes; in (1) ), is that in the region of mismatches close to the maximum efficiency, the efficiency does not depend on the value of W, i.e., the operation in the chosen mode remains stable. (We do not consider here the start-up scenario 6, 16, 17 which becomes more complicated with the densification of the mode spectrum. 6 ) Note that the optimal value of the cyclotron resonance mismatch increases with the beam current from about D ¼ 0:35 for I ¼ 0:008 to more than 0.5 for I ¼ 0:014.
As shown in Figure 2 , jumps in efficiencies occur on both sides of the stable region (i.e., at small and large values of the cyclotron resonance mismatch D) signifying mode hopping. While the range of stable D values increases with the beam current, the region of stable operation in the chosen mode with high efficiency, as noted above, only weakly depends on the density of mode spectrum. In the region of large cyclotron resonance mismatches, the operation becomes unstable and the efficiency strongly depends on the value of W ¼ pb 2 ?0 m 0 . This dependence of the gyrotron orbital efficiency in the stationary regime is shown in Fig. 3 reproduced from Ref. 12 . As shown in Fig. 3 , when the beam current parameter is smaller than 0.016, this dependence has a sawtooth shape, this fact is explained below.
Note that it takes rather long time for an oscillator to arrive at the steady state. Consider as an example, the case of the current I ¼ 0:014 and the cyclotron resonance mismatch D ¼ 0:6. As follows from Fig. 3 , in this case, the first jump in the efficiency occurs when the azimuthal parameter is close to 14, and the second jump takes place in the region of W between 55 and 57. The temporal evolution of the efficiency in these cases is shown in Figure 4 , where the normalized time is defined (see Appendix) as s ¼ ðb the difference in the efficiency for the cases with slightly different W becomes significant only much later.
In order to explain the results obtained, it is instructive to use the condition of azimuthal periodicity of the wave envelope f ðw þ WÞ ¼ f w ð Þ (here, w is the normalized azimuthal coordinate whose value at u ¼ 2p is equal to W) and represent the envelope as a superposition of the azimuthal harmonics
We restricted our analysis by seven harmonics, the central one, the three on the left, and the three on the right (i.e., in (2) M ¼ 3). These harmonics are essentially the modes with azimuthal indices differing from the azimuthal index of the central mode bym. The temporal evolution of their complex amplitudes is illustrated below by Figures 5-7 . The temporal evolution of phases is illustrated by Figure 5 . During the first stage of the transition process, the phases of different harmonics exhibited very different time dependence. However, later the phases of all harmonics, except for the central one, become synchronized as shown in Fig. 5(a) . Then, as shown in Fig. 5(b) , the phase of the central harmonic starts to vary in time in the same fashion as all others that corresponds to single-frequency oscillations.
The amplitudes of these harmonics are shown for several instants of time in Figures 6 and 7 . Figure 6 shows the profiles of harmonics at two instants of time when the azimuthal parameter W ¼ 14 slightly exceeds the first critical value. Initially, the seed field excites the central mode much faster than all others. Therefore, after some time (see Fig.  6 (a) for s ¼ 700), the central mode still exists, although the mode with m 0 À 1 is of the same order.
Note that for a gyrotron with the 80-90 kV beam voltage, orbital-to-axial electron velocity ratio a ¼ v ?0 =v z0 ¼ 1:0 Ä 1:3 and the resonator quality factor Q $ 10 3 , this time interval s ¼ 700 is on the order of 20-30 cavity fill times. Later, at s ¼ 900 (Fig. 6(b) ), the mode with the azimuthal index m 0 À 1 survives, while the amplitudes of all other harmonics are close to zero. So, the gyrotron exhibits the hopping from the mode with m 0 to the mode with m 0 À 1.
In Fig. 7 , the profiles of harmonics are shown for two cases: when the azimuthal parameter is slightly below (W ¼ 55- Fig. 7(a) ) and slightly above (W ¼ 57- Fig. 7(b) ) the second critical value. As one can see, this critical value corresponds to the hopping of an oscillator from the first to the second sideband mode.
Note that if we estimate the mode density as 
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in Figures 6 and 7 show that, instead of a central mode, which could oscillate with the high efficiency in the region of hard self-excitation, the oscillations of another mode with a low start current in the region of soft excitation take place. This mode hopping occurs at some critical values of the azimuthal parameter W; which in turn, depend on the beam current parameter. When the beam current is high enough, the regime of high efficiency oscillations in the region of hard self-excitation is stable.
III. TWO EXAMPLES: EUROPEAN GYROTRONS FOR ITER
In this section, we consider two examples of 170 GHz gyrotrons for the ITER: the gyrotron with the coaxial resonator operating in the TE 34,19 -mode and the gyrotron with the cylindrical resonator operating in the TE 32,9 -mode.
A. Coaxial gyrotron for ITER
This gyrotron was designed for operation in the TE 34,19 -mode of the coaxial resonator. We have studied the stability of operation in this mode by using the self-consistent, non-stationary set of equations given in Ref.
14. These equations were used for describing the excitation of a triplet of modes with almost equidistant frequencies: To analyze the stability of operation in the central mode, we separated our study into two stages. During the first stage, which lasted for 10 ns, we considered the excitation of a single central mode. Then, at the instant of time when this mode reached the stationary state and its axial structure was formed in the process of wave-beam interaction, we included into consideration the excitation of sidebands. It was assumed that the beam voltage is equal to 77 kV and the orbital-to-axial velocity ratio is equal to 1.05. 13 The normalized parameters adopted in the gyrotron theory were taken equal to the normalized interaction length 1 out ¼ 10 and the normalized beam current (see Appendix for its definition) I ¼ 0:014 (note that this value corresponds to the currents higher than those used in the experiment 13 ). Such calculations were done for a large number of values of the external magnetic field, but in Fig. 8 , the results are presented for only two values of the magnetic field: 6.76 and 6.74 T. In the first case, the oscillations of the central mode are stable with respect to these sidebands, while in the second case, the central mode is replaced by the minus first sideband. These values of the magnetic field correspond to the cyclotron resonance mismatch of the central mode equal to 0.51 and 0.56, respectively. So this boundary of stable operation agrees well with the data shown in Fig. 1 Some simulations for the same gyrotron were also performed by using the wave envelope representation of the field. Results of these simulations presented in Fig. 9 (a) revealed a strong dependence of the critical value of the azimuthal parameter W cr on the cyclotron resonance mismatch D. (For a given above set of parameters of this coaxial gyrotron, this azimuthal parameter W is equal to 13.7 .) The plot illustrating the dependence of the efficiency on the mismatch D is shown for W ¼ 10 (i.e., for W which yields stable single-mode operation) in Fig. 9(b) .
As one can see, in a given gyrotron with W ¼ 13:7, oscillations remain stable when the cyclotron resonance mismatch does not exceed 0.6. At the same time, the maximum efficiency corresponds to lower values of D (0.56). Note that in our two approaches, the definition of D is slightly different: while in Appendix describing the wave envelope approach, this parameter characterizes the difference between the frequency of the rotating wave (which is our central mode) and the electron cyclotron frequency, the mismatch used in the equations describing the mode interaction 14 characterizes the difference between the cutoff frequency of the central mode and the electron cyclotron frequency.
B. ITER gyrotron with a cylindrical cavity
In the 170 GHz 1MW European gyrotron for ITER, 15 the operating mode of the cylindrical cavity is TE 
IV. SUMMARY
Our study revealed some interesting features in the nonstationary processes of beam-wave interaction in gyrotrons with large resonator cross-sections. It was shown that (a) the initially excited mode can lose its stability due to excitation of a lower frequency parasitic mode with a smaller starting current and (b) such switching may take a rather long time (more than 50 cavity fill times). It is also shown that parameters of a new European gyrotron for ITER are in the region of stable operation: The operating mode of this gyrotron is TE 32,9 , while the oscillations would be unstable when the azimuthal index exceeds 46. 
